Abstract. In this paper, an asymptotic method is employed to formulate nano-or micro-beams based on strain gradient elasticity. Although a basic theory for the strain gradient elasticity has been well established in literature, a systematic approach is relatively rare because of its complexity and ambiguity of higher-order elasticity coefficients. In order to systematically identify the strain gradient effect, an asymptotic approach is adopted by introducing the small parameter which represents the beam geometric slenderness and/or the internal atomistic characteristic. The approach allows us to systematically split the two-dimensional strain gradient elasticity into the microscopic one-dimensional through-the-thickness analysis and the macroscopic one-dimensional beam analysis. The first-order beam problem turns out to be different from the classical elasticity in terms of the bending stiffness, which comes from the through-the-thickness strain gradient effect. This subsequently affects the second-order transverse shear stress in which the surface shear stress exists. It is demonstrated that a careful derivation of a first strain gradient elasticity embraces "GurtinMurdoch traction" as the surface effect of a one-dimensional Euler-Bernoulli-like beam model.
Introduction
A strain gradient elasticity theory has a long history, and there have been many research works up to days. It has been known that the theory is able to handle various size-effects in different applications such as crack tip stress singularity, dislocations, porous materials, and surface tension, etc. For the purpose of a systematic asymptotic formulation, a first strain gradient elasticity addressed by Mindlin (1964) is treated in this paper.
A strain gradient elasticity (Mindlin 1964 (Mindlin , 1965 belongs to the wide definition of nonlocal elasticity that is named in contrast to the local elasticity (or classical elasticity). The generalized Hooke's law is obeyed at a material point in the local elasticity, whereas it may not be applied to the nonlocal elasticity. The stress at a material point is affected by a stress state near the point in the nonlocal elasticity (Eringen 1983 (Eringen , 2002 . As a nanotechnology is evolved, a nonlocal elasticity is paid attention to relevant society. A major reason of this is that molecular dynamics and/ or quantum mechanics based simulations require tremendous computation resources (Kim and Cho Corresponding author, Professor, E-mail: junsik.kim@kumoh.ac.kr
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2010). A three-dimensional approach for such a nonlocal elasticity is not a viable option, because it also takes a lot of computational efforts. Therefore there have been many research works for developing beam/plate models based on various nonlocal elasticity theories, which may be categorized into three groups: Eringen"s (1983 Eringen"s ( , 2002 simplified nonlocal elasticity, a strain gradient elasticity (Mindlin 1964 (Mindlin , 1965 , and Murdoch"s (1975, 1978) surface elasticity.
Eringen's simplified nonlocal elasticity based models
A first application of Eringen"s nonlocal elasticity to beam models is possibly the work of Peddieson et al. (2003) , where they included the axial stress gradient effect only to derive an Euler-Bernoulli-like beam model. There have also been Timoshenko-like beam models in order to solve many problems, such as dynamic dispersion, vibration, and buckling (Wang et al. 2006 , Reddy 2007 . The recent work of Kim (2014a) revealed that a nonlocal Euler-Bernoulli-like beam model is equivalent to a local Rankine-Timoshenko beam model. The nonlocal effect makes the beam softer, since it is analogous to the shear deformation in a local Rankine-Timoshenko beam model. Nonlocal higher-order bam theories have been studied by Reddy (2007) , the results obtained therein indicated that all the higher-order theories show a softening behavior.
Strain gradient elasticity based models
In this category, most popular form is a couple stress theory that stems from a strain gradient elasticity. Yang et al. (2002) employed and modified a first strain gradient elasticity in order to have one material length parameter for a linear isotropic elasticity. For a flat plate of infinite width, the strain gradient effect shows that a bending rigidity increases as the thickness of the plate decreases (stiffening behavior). This work is extended to a higher-order displacement-based model for a plane strain cantilever (Lam et al. 2003) . The result obtained therein is compared to the experiment, which shows a stiffening behavior. Ma et al. (2008) developed a Timoshenko beam model based on the modified couple stress theory proposed by Yang et al. (2002) . They solved the static and dynamic problems of a simply-supported beam. The result obtained indicates a stiffening behavior. For all the works mentioned in above, they used a three-dimensional relationship directly without applying any proper conditions, and their solutions rely upon the assumed displacement fields. This may lead to an inconsistent beam model with a classical beam model. For instance, in the work of Ma et al. (2008) , they have to set the Poisson"s ratio to be zero in order to recover a classical beam model. In a classical elasticity, an Euler-Bernoulli beam model has a simple constitutive relation =E that can be systematically derived from a classical threedimensional elasticity by applying plane stress conditions to the cross-sectional coordinates of the beam. It is not necessary to have a special condition like the zero Poisson"s ratio.
Gurtin and Murdoch's surface elasticity based models
It has been well known that the surface effect plays a crucial role in nano-sized elastic bodies. Many researches have been carried out by using molecular dynamics-based simulations. There has also been an effort to explain the effect based on a continuum mechanics approach. Murdoch (1975, 1978) proposed the surface model by introducing the initial surface stress and surface Lame constants. Lim and He (2004) employed the Gurtin and Murdoch"s surface model to formulate the beam/plate models in order to consider a size-effect. Lu et al. (2006) modified Lim and He"s approach by including the transverse normal stress contribution, and they arrived at the different bending stiffness. Kim (2014b) derived a nonlocal Euler-Bernoulli beam model from the Eringen"s simplified model by considering the thickness stress gradient effect. The nonlocal transverse shear stress is derived from a nonlocal stress equilibrium equation, and the unknowns therein are found by applying the top and bottom surface conditions. He arrived at a similar bending stiffness model to Lu et al. (2006) except for the nonlocal parameter.
On the other hand, there have been continuum-based bridging models, where the surface parameters are found by a molecular dynamics (MD) simulation. Cho et al. (2009) proposed a sequential multi-scale method to determine the surface constants using a matching method based on a MD simulation. The method is extended to nano-film and nano-wire with the consideration of anisotropic surfaces (Kim et al. 2012) . They pointed out that the surface constitutive equation based approach could be problematic as applied to non-rectangular cross-sectional shapes.
A brief review of literature is made in the above, although it does not cover the entire body of research works. In literature, one can find some interesting works, such as second strain gradient elasticity (Lazar et al. 2006 , Polizzotto 2012 , variational frame work for gradient elasticity theories (Polizzotto 2003 , 2015 , Paola et al. 2010 , and gradient elasticity reviews (Askes and Aifantis 2011) .
The objective of this paper is to systematically develop a nano-beam model by applying a formal asymptotic method (Kim et al. 2008 , Kim 2009 , Kim and Wang 2011 ) to a first strain gradient elasticity. In this way, one can asymptotically incorporate the thickness length scale effect into a macroscopic beam model and predict the through-the-thickness stress distributions with the residual surface tension. To this end, we scale the free energy by introducing the small parameters associated with geometric slenderness and internal characteristic length. This allows one to split a three-dimensional problem into two dimensionally reduced problems, such as microscopic sectional and macroscopic beam problems. The warping displacements are obtained by solving the microscopic sectional problem, which are substituted back into the macroscopic beam problem. The resulting beam model is equipped with an asymptotically correct beam stiffness. Once we solved the macroscopic beam problem, its solution can be used to calculate the stress distributions through the thickness of the beam. As numerical examples, a cantilever beam configuration is selected as a test-bed, it is shown that the surface effect has an impact on local stress distributions as well as global responses.
A first strain graient elasticity
A two-dimensional beam-like isotropic elastic body is considered by employing the plane stress condition. The beam length is denoted by x 1 , the thickness by x 3 , and the beam width (b) is constant. A free energy for a first strain gradient elasticity is adopted, which is suitable for practical engineering applications, to derive nano-and/or micro-beam models. That is
where 0 a is an internal characteristic scale parameter, which can be approximately obtained by using the kernel function, the dispersion curve of the Born-Karman model (Eringen 2002) , and the molecular dynamic simulation (Cho et al. 2009 ). The linear elasticity matrix is denoted by C , and the linear strain vector γ is given by 
Asymptotic formulation
In order to apply the asymptotic expansion method by taking the advantage of the beam geometric slenderness, one needs to define the small parameter () which is defined by the ratio of the beam thickness (h) to the beam characteristic length (l c ). The beam coordinates are then scaled as
and the internal characteristic scale parameter 0 a is very small, thus it is reasonable to scale it in the following manner
where l a is the internal characteristic length, which is the order of the Fermi wave length or a lattice constant and less than 1nm, in general. Substituting Eqs. (3)- (4) 
The linear strain vector can be scaled by using Eq. (3). That is
To complete the formulation, the displacement is now expanded by the small parameter. Then the asymptotic expansion of the displacement vector is given by
where the right hand side terms in Eq. (8) are unknowns but the zeroth-order displacement vector that has the form of
in which the displacement component
v is a function of the axial coordinate y 1 only.
18

An asymptotic multi-scale approach for beams via strain gradient elasticity: surface effects
The strain vector, by substituting Eq. (8) into Eq. (7), is then expanded as follows
where the zeroth-order strain vector is given by
Once the strain vector is asymptotically expanded, the local stress vector σ can be also expanded by the Hooke"s law.
The free energy can be asymptotically expanded, when the strain vector is expanded. Substituting Eq. (10) into Eq. (6). The first variation of the free energy is expanded as follows (0) 2
The zeroth-order energy variation can be summarized by
The problem is well-posed, thus one can set the energy to be zero (Kim et al. 2008) , i.e.,
Form this, we obtain the particular displacement component. Finally adding the rigid-body displacement completes the fundamental displacement vector such that
which makes the first-order strain vector zero.
First nontrivial warping solutions
The first-order energy variation is automatically satisfied due to the zero first-order strain vector. The first nontrivial displacement vector can be found in the second-order energy which is expressed as
Applying the integration by parts through the thickness of the beam yields
where
in which σ obeys the Hooke"s law and is referred to as a Cauchy-like stress, while the total stress t includes the strain gradient (Lazar et al. 2006 , Polizzotto 2012 . Notice here that the nonlocal stress originally contains axial derivative term as well as thickness derivative one, however, due to the scaling, the thickness derivative term appears only at the first-order nonlocal stress. This implies that the axial derivative term is a higher-order one, indeed, it will be shown later that a surface effect can be captured by the through-the-thickness gradient of the Cauchy-like stress.
To find the second-order displacement vector, we introduce a warping displacement vector (w) which can be regarded as a perturbation with respect to the second-order fundamental displacement in such a way that
which renders the first-order strain vector as (1)
( 
This microscopic equation will be treated in later section.
The first term in Eq. (20) yields general solutions for warping displacements as 
where  is the Poisson"s ratio. Applying the boundary conditions given in Eq. (20) to Eq. (22) with warping displacements constraints such that 
The second-order warping displacements make it possible to express the first-order Cauchylike and total stresses. Then the Cauchy-like stress tensor is obtained as  
(1) (1) (0) (1) (1) 11 1,1 3 3,11 13 33
in which E is the Young"s modulus, and the total stress tensor is found to be the same as the Cauchy-like stress tensor in this case. It will however be shown later that they are different in higher-order levels.
Surface tension as a pre-stress
A nano-beam structure under the surface tension can be regarded as a pre-stressed beam. The presence of the surface tension may be drawn in the zeroth-order free energy. As mentioned in section 2.2, the problem is well posed, thus the zeroth-order strain vector is assumed to be zero. This naturally leads to that the zeroth-order Cauchy-like stress tensor is zero. However one should notice here that there is a Cauchy-like stress tensor while satisfying the zero total stress. Thus the pre-stress state with scaling of , which is a function of y 3 only, can be formulated as (1) (1) (0) 0 11 1,1 3 3,11 2 0 csch( ) cosh( )
which does not alter the total stress due to Eq. (26). It is worthwhile to mention that the total stress tensor is comparable to the local stress tensor in a classical elasticity, whereas the Cauchy-like stress tensor is to the nonlocal stress tensor in a nonlocal elasticity (Lazar et al. 2006 , Polizzotto 2012 .
First nontrivial macroscopic beam equations
The first nontrivial beam equation can be derived by the macroscopic equation given in Eq. (21). Substituting Eq. (27) into Eq. (21) yields (1) (
The definitions of stress resultants are the same as those of local stress resultants, however, Eq. (28) implies that the governing equations are different. For the axial force equation, the surface tension does not affect the axial stiffness but the applied force. This causes the different behaviour which depends on the direction of an applied force p1 at the free end of the beam (i.e., tension or compression). The equilibrium equation and boundary conditions are summarized as follows (1) (1)
This yields the axial displacement as  
(1) 
in which one can see that the bending stiffness of a first strain gradient elasticity differs from that of a classical elasticity according to the normalized material characteristic parameter. One should note that the bending stiffness is affected by the thickness gradient not the axial gradient. Many researchers have considered the axial gradient only in order to explain and/or derive nano-and/or micro-beam models (Reddy 2007, Askes and Aifantis 2011) . The present systematic asymptotic approach reveals that a fundamental size-effect comes from the thickness gradient, which makes the beam stiffer. This is one of the key contributions made in this paper.
Higher-order free energy
In the previous section, the first nontrivial warping displacements are derived. Substituting these into the macroscopic equation produces an Euler-Bernoulli-like nonlocal beam model. However the transverse stresses are found to be zeros, and therefore, we are not able to see the size-effect in the stresses. To this end, the higher-order terms in the asymptotically expanded free energy are investigated to explicitly derive the transverse stresses.
The third-order free energy
The third-order energy variation can be summarized as follows 
Following the same way described in section 2.2, the third-order displacement vector and the second-order strain vector are given as follows
which renders the first-order strain vector as
(1) 1,1 3 3,11 
The second-order stress tensor can be now found by using Eq. (38) and the first nontrivial warping solutions, Eq. (24). The non-local stress tensor (or Cauchy-like stress tensor) is summarized as 
The local stress tensor (or total stress tensor) is similar to the non-local stress tensor, but the transverse shear stress is different, which is given by 4 .
E t y h v a Ev
The magnitude of shear stresses at top and bottom surfaces different each other, the total shear stress is more like the stress in a classical elasticity. The non-local stress shows that the surface effect propagates into the bulk (near the surface), whereas the local stress does not. This is not the effect of the pre-stressed state (i.e., the prescribed surface tension) but the through-the-thickness gradient effect. The surface tension as a pre-stressed state does not affect the shear stress distribution, since its derivative with respect to the in-plane coordinate is zero.
The macroscopic beam equation can be derived from Eq. (33), which can be summarized as
The solution of Eq. (41) is found to be zero in general, unless there are bending-shear coupling behavior or special boundary conditions (Kim et al. 2008) . Thus one can see that the second-order stress state, Eq. (39), is purely described by the solutions of the second-order free energy (or the first nontrivial solutions). The transverse normal stress appears at the fourth-order free energy, which shall be discussed in the following section.
The fourth-order free energy
The fourth-order energy variation in Eq. (12) can be summarized as follows 
where the third-order total stress vector now includes the axial gradient effect such that
Notice here that there is now an axial gradient effect which was not appear at the preceding energy equations. The fourth-order displacement vector has the same form as the third-order one, Eq. (34), and then the third-order strain vector are given by where the last term (underlined term) in the fourth-order transverse warping displacement is complicate, thus it is omitted here for a brevity. The third-order stress tensor can be now found by using Eq. (47) and the preceding warping solutions. The non-local stress tensor (or Cauchy-like stress tensor) is summarized as 2.
The local stress tensor can be calculated by Eq. (43), which is obtained as 
In both non-local and local stresses, the transverse shear stresses become zeros, since the solutions of the third-order energy macroscopic problem, Eq. (41), are zeros in many cases.
The macroscopic beam equation can be derived from Eq. (42), which can be summarized as
This has solutions unlike the preceding macroscopic equations. The third-order stress resultants include the first nontrivial macroscopic solutions, Eq. (32). The in-plane stress resultants are then explicitly given as
which has the solution if the second-order derivative of the first-order bending moment is not zero. This happens when the beam is subjected to a distributed transverse load. To complete the solution, one needs to consider the governing equation and associated boundary conditions. They are expressed as   
in which the first term is the governing equation, the second term is the boundary condition, and the last term is the surface effect at both end of the beam. The first-order stress resultant is already known, and therefore it acts like the external loading. In this case, there is no external physical load since it is already considered in the first-order stress resultant, Eq. (30). Thus the solutions of Eq. (52) are affected by the fictive internal volume force (Kim et al. 2008) and axial strain gradient effect. The moment governing equation and boundary conditions are given as follows 
where the underlined term represents the surface effect, which is similar to that in Eq. (52). The explicit form of the third-order bending moment is expressed by
(1) 12 0 3,11 ,11 60
(1) 12 0 0 ,11 2 1 12 5
In contrast to this, the bending moment by the total stress is given as
(1) (1) 3,11 ,11 0 ,11
in which the bending moment stiffness is the same as that of a classical elasticity, the second term is a transverse loading effect, and the last term is a strain-gradient effect in the average sense.
Numerical examples and discussion
In this section, a cantilevered nano-beam is taken as a test-bed to investigate the through-thethickness distributions of both Cauchy-like stress and total stress. For the purpose of comparative studies, material properties including surface characteristics are considered, which are reported in literature Murdoch 1978, Lu et al. 2006) . Numerical results are obtained for two loading conditions. One is subjected to an axial force at the free end of the beam, and the other is subjected to a uniform pressure on the top surface of the beam.
Surface stress state
According to Murdoch (1975, 1978) , the surface constitutive and equilibrium equations, for one-dimensional case, can be expressed as   11 0 0 0 11 11,1 13 11,1 13 2 , 0, 0, where the superscript "+" and ""denotes the top surface and bottom surface of the beam, respectively. The residual surface tension is denoted by  0 , and  0 and  0 represent the surface Lame constants. These surface properties are listed in Table 1 . One can estimate the transverse shear stress at the top and bottom surfaces of the bulk by employing an Euler-Bernoulli beam theory. The shear force generated by the surface stress is calculated as
(2) 11,1 11,1 13 13 13 22
The shear force can be matched with the shear force computed by the second-order shear stresses given in Eqs. (39) and (40). Taking the nonlocal contribution, one can then estimate the internal length scale parameter "a 0 " in such a way that
This is however not able to take into account the through-the-thickness distribution of the surface stress state. In order to consider it, the shear stress at top and bottom surfaces may be directly matched with the surface stress by neglecting the in-plane strain contribution. That is
It is a nonlinear equation for the internal length scale parameter to be calculated. The upper and lower limits of Eq. (58) can be estimated as
Eq. (59) implies that the parameter should be positive. In order to consider the softening effect, one may need to employ a second strain gradient theory, which will be subjected to future work. For the given material properties, the internal length scale parameter is estimated by One can now see the through-the-thickness stress distribution due to the residual surface tension. The distributions, which is calculated by using Eq. (27), are illustrated in Fig. 1 , where the beam thickness varies from 5 nm to 40 nm. For comparison purpose, the distribution with the (a) With the lower limit (b) With the upper limit Fig. 1 The normalized through-the-thickness stress distribution due to the residual surface tension upper limit is also plotted in Fig. 1(b) , in which it is observed that the internal length scale parameter plays a significant role in the stress distribution. It is reasonable to use the lower limit of the parameter, since we made an assumption that the beam thickness is relatively large as compare to the parameter. For this reason, henceforth the lower limit value shall be used in numerical examples.
Cantilevered beam under axial force
The beam subjected to an axial force is considered first, in order to investigate the residual surface tension effect to the through-the-thickness distribution of a normal stress. The beam governing equation and associated boundary conditions are given in Eq. (30). Applying the force to the end of the beam causes a complicate internal normal stress state. A nano-beam is generally slender, thus one can make an assumption that the stress developed by the axial force is constant over the cross-section of the beam at considerable distances from the edge of the beam. For the residual surface tension, however, there is no such distance to decay. Therefore one may not apply the Saint-Venant"s principle, which enforces us to consider the through-the-thickness distribution with the residual stress. For instance, there are tensile and compressive stresses through the thickness of the beam. It is possible to develop a negative stress while the stress near the surface is positive, if the stress in Eq. (27) is less than zero at the middle of the beam such that 
The stress distributions subjected to tensile or compressive loads are illustrated in Fig. 2 , where the beam width is assumed to be 40 nm, and the beam thickness varies 5 nm to 40 nm. The magnitude of applied forces is assumed to be 20 N, and thus the force per unit width (p 1 ) is 500 N/m, which is the same order of magnitude as the residual surface tension ( 0 =110 N/m). There is a negative stress even for a tension, if the applied force is less than 8 N. For the compressive load 
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An asymptotic multi-scale approach for beams via strain gradient elasticity: surface effects These stresses are illustrated in Fig. 4 , where the magnitude is normalized by the pressure density p 3 . The total stress at the bottom surface is zero, whereas the Cauchy-like stress is not. This is because the total stress cannot simultaneously satisfy the conditions at both surfaces. The Cauchy-like stress (or nonlocal stress) is able to simulate the tensile stress due to the surface effect at the surfaces. The surface stress contribution to the normal stress distribution is relatively small as compared to the shear stress (Fig. 3) .
On the other hand, the third-order in-plane normal stress is strongly affected by the residual surface tension unless a high pressure is applied. However the pressure causes very large deflection at the free end of the beam, which leads to a geometrically nonlinear formulation. This is on-going research work and shall be treated in another paper.
Conclusions
Nano-beam models are derived based on a first strain gradient elasticity by employing a systematic asymptotic expansion method. Unlike many research works reported in literature, it is demonstrated that the thickness length scale effect is more important than the axial length scale effect for beam-and/or plate-like structures. The present asymptotic formulation reveals that there exists the surface stress effect even for a fundamental beam formulation. This effect is systematically connected to the next order shear stress, in which the stresses at top and bottom surfaces are prescribed by the first-order stresses. Contributions made in this paper can be summarized as follows:
• Systematic dimensional reduction from three-dimensional strain gradient elasticity to beam models by employing a formal asymptotic expansion method
• The models obtained indicate that a major source of size-effect comes from the surface shear stress that is smeared into the bending stiffness in an Euler-Bernoulli-like beam model. The effect makes the beam stiffer.
• The unknown length scale parameter is systematically matched with the result reported in literature, in which the Cauchy-like shear stress is connected to the surface constitutive equation by Gurtin and Murdoch (1978) .
• The parameter plays a crucial role in the bending stiffness and the through-the-thickness distributions of stresses. It is shown that the order of the internal parameter is similar to that of a lattice constant. A second strain elasticity model may be needed to explore the softening size effect, since the strain gradient elasticity considered in this paper cannot explain the softening behavior.
• The residual surface stress state has an impact on the stress distribution in both axial and transverse deformation problems. The higher-order in-plane normal stress, the third-order stress in this paper, is strongly affected by the residual stress. In order to properly formulate, one may need to consider a geometrically nonlinear strain gradient elasticity.
